










Solutions of the Master Virasoro Equation as Conformal Points
of Perturbed WZNW Model
Oleg A. Soloviev
y
Physics Department, Queen Mary and Westeld College,
Mile End Road, London E1 4NS, United Kingdom
Abstract
It is shown that the master equation of the ane-Virasoro construction on the
unitary ane algebra naturally emerges in the fusion algebra of the nonunitary
level k WZNW model. Operators corresponding to solutions of the master equation
are suitable for performing one-parametrical renormalizable perturbation around
the given conformal nonunitary WZNW model. In the large jkj limit, the infrared
xed point of the renormalization group beta function is found. There are as many
infrared conformal points as
1
2
N(N + 1), where N is the total number of solutions
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1 Introduction
There is a large class of two dimensional CFT's which are described by the ane-Virasoro
construction [1],[2]. The latter is the most general bilinear of the ane currents. A study
of embeddings of the ane-Virasoro construction into the ane algebra has resulted in
a master equation [1],[2], particular solutions of which correspond to the ane-Sugawara
[3],[4],[5], coset [3],[4],[6], and spin-orbit [1],[3],[7] constructions. Being exactly solvable
the aforementioned conformal theories admit proper Lagrangian formulations. There has
been growing interest, recently, in the question of whether or not all other solutions (emed-
dings) of the master equation (ane-Virasoro construction) can have natural Lagrangian
descriptions [8]-[11].
A classical action for generic ane-Virasoro construction has been obtained in [8] by
utilizing the Hamiltonian approach to the Wess-Zumino-Novikov-Witten (WZNW) model
[12]. Whereas in [9] an ane-Virasoro action is built up in terms of the conformal non-
Abelian Thirring model. As yet it is not clear whether there is a link between these two
actions. We have shown explicitly the conformal symmetry of the non-Abelian Thirring
model at the isoscalar Dashen-Frishman conformal point [13] which turns out to be one of
the solutions of the master Virasoro equation. However, it is very dicult to arrive at all
other conformal points starting from the nonconformal Thirring model. Such an attempt
has been done in ref. [11]. Finally ref. [10] was an eort to get the master equation
from the vanishing of renormalization group beta functions of a certain nonlinear sigma
model. Unfortunately, the last approach does not lead beyond the classical solutions of the
master equation. This result was somewhat programmed by the use of the 1=k-expansion
method, where k is level of the underlying ane algebra. Indeed, in the large k limit,
the master equation collapses to the classical approximation [14] which cannot give more
than classical solutions.
The aim of the present paper is to suggest another application of the master equation
in the quest for new conformal lagrangian eld theories. We will describe a situation in
which the master equation emerges not as a condition of the conformal symmetry but as a
condition of renormalizability of a certain quantum eld theory. Additional requirement of
1
conformal invariance will result in an equation for the one-parametrical coupling constant.
Our approach to a certain extent is a generalization of the idea of perturbing the
nonunitary WZNWmodel by its kinetic term [16]. The latter appears to be an appropriate
relevant unitary Virasoro primary operator in the spectrum of the nonunitary model [16].
Certainly, the nounitary WZNW model is a highly nontrivial theory. Because it has states
with negative norm, its proper denition is quite complicated and has not been yet done
completely. Therefore, part of our discussion may seem to be somewhat formal. However,
we will argue that all operators and manipulations on them which we will use in this
paper are unitary and well dened. We believe that the nonunitary WZNW model itself
will be nally properly understood.
The paper is organized as follows. In section 2 the master Virasoro equation associated
with the ane-Virasoro construction is derived from the fusion algebra of the nonunitary
WZNW model. In section 3 the operators, whose fusion algebra gives rise to the master
equation, are utilized to perturb the nonunitary WZNW model. We show that the per-
turbed theory has as many infrared conformal points as
1
2
N(N +1), where N is the total
number of solutions to the master equations.
2 Master Virasoro equation from nonunitaryWZNW
model





















where g is the matrix eld taking its values on the Lie group G. At this point we do not





which entails an innite number of conserved currents [5],[15]. The latter can be derived



























satisfying the equations of motion

@J = 0; @

J = 0: (3)
2
In eqs. (2) t
a













The spectrum of the WZNW model contains states which correspond to the primary
elds of the underlying ane symmetry [5]. By denition, 
i
is an ane (chiral) primary













(z) + reg:; (5)
where the matrices t
a
i
correspond to the (left) representation of 
i
(z). In the WZNW































There are Virasoro primary states in the spectrum of the WZNW model which are the
descendants of the ane primary vectors. One of such states was considered in [9],[16].
In what follows we are going to describe a class of such elds.

































in the adjoint representation of GG. The product
































where the product in the numerator of the integrand is understood as an OPE. It is easy














is an ane descendant of the



























































continues to be a Virasoro primary operator.




(0)j0i is a highest weight vector of the Virasoro






















Here the generators L
n





















In eqs. (12), 
O

























associated with antiholomorphic conformal
transformations. In what follows, we will discuss the WZNW model with negative level.





sponds to a unitary highest weight vector of the Virasoro algebra when jkj > c
V
[17].














primary vectors with the same conformal dimensions. However, their fusion algebras may
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] + [I] + ::: (16)




and identity operator I and




and I, whereas dots stand for all other admitted














. We will show that eq. (16) leads to algebraic equations for the
given matrices. These equations will be the main subject of this section.
Due to the theorem of holomorphic factorization, we can forget for a while about


























] are conformal classes of all Virasoro primaries 
I
arising in the fusion of two




















i] + ::: (18)
The structure constants C
ab
c
and the terms of [j
c
i] can be deduced from the invariance






on both sides of















i + :::g; (19)
where A is an overall constant whose value is not essential for our consideration. It is
instructive to verify that for G = SU(2) and positive k the same expression (19) can
be derived by using the parafermion representation [18] of the ane primary 
a
which
corresponds to the eld 
J
with J = 1 in notations of ref. [18]. Besides, in the limit
c
V
!1, the eld 
a










Apparently, eq. (19) is consistent with this limit.


































The point to be made is that in the case G = SL(n), the coecient A in eq. (21) can be
xed explicitly using the free eld representation method [19],[20].


























































Here dots stand for conformal operators with dierent conformal dimensions.















on the right hand side
of eq. (22) with the same matrices L;










































. It is rather amazing that the given equation is almost
identical to the celebrated master Virasoro equation [1],[2]. The only dierence is in





associated with the unitary ane algebra, then the equation we would get
is the master equation of the nonunitary ane-Virasoro construction. Whereas the master
Virasoro equation for the unitary ane-Virasoro construction originates from the fusion




corresponding to the nonunitary ane algebra. This will be
a crucial observation for the further discussion. In particular, in the case of the unitary
ane algebra, the existence of Virasoro primary operators with the fusion given by eq.
(16) depends on the existence of solutions to the nonunitary master Virasoro equation.





in the spectrum of the nonunitary WZNW model, obeying the fusion in
6
eq. (16). In other words, we have shown that the unitary master equation resides in the










becomes a relevant quasimarginal operator.
Indeed, in this limit, the conformal dimension 
O
is just slightly less than one. This
operator will satisfy the fusion algebra given by eq. (16) provided the algebraic equation
(23) is fullled. In order to use this operator as a perturbation around the nonunitary
WZNW model, we should be aware of the fact that there are no other relevant operators




]. Otherwise, the perturbed theory
will require the inclusion of additional relevant operators with corresponding coupling
constants.


















































dene left- and right-invariant Killing vectors respectively. Thus, in the




becomes the nonlinear sigma model term
with metric given by eq. (25). The renormalizability of the sigma model will allow only
kinetic sigma model term and identity operator to appear on the right hand side of the
fusion in eq. (16). In turn, the equation (23) will guarantee that this kinetic term will




. Thus, in the large jkj limit, dots on the right hand side
of eq. (16) can be dropped out. Also, it is useful to point out that in the given limit, the
operator 
aa
































is suitable for performing a renor-
malizable one-parametrical perturbation around the nonunitary WZNW model. A study
of such a perturbation will be the aim of this section.


















































































where  is thought of being a small parameter. Note that k is chosen to be negative and





L fulll the master
equation (29). Suppose it is the case. Then to leading orders in , one can write down




  = (2   2
O














































































































































































= 0 or 1; a = 1; :::;dimG: (36)











































Given a solution of the master equation, we can nd the constant C and, correspond-
ingly, a xed point 

of the beta function in eq. (31). This xed point is an infrared








Since dierent L's and





N(N +1) with N the total number of solutions to the master equation.
The perturbative expression for the Virasoro central charge at the point 

is given by










































Unfortunately, it is very dicult to identify the given perturbative conformal points
with some exact conformal theories. In particular, we could not clarify whether or not our
action given by eq. (30) provides a Lagrangian to the ane-Virasoro construction. But
the remarkable fact that conformal points of our theory are related to the solutions of the
master Virasoro equation makes such a hypothesis quite plausible. We believe that there
9
is a certain combination of the matrices L and

L which again is a solution of the master
equation. For some particular pairs of L and

L this combination is likely to appear in the
ane-Virasoro stress tensor at the corresponding conformal point 

.
There are two more interesting issues which we left for further investigation. It might




to perturb gauged WZNW models. Another inter-




with dierent pairs of matrices L;

L
obeying the master equation. We hope to return to these problems in future publications.
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